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What Makes Math Hard?



What Children Know and 

How They Know it



Mathematical Intuition

Lockhart’s Lament

“Mathematics is not about 

erecting barriers between 

ourselves and our intuition, 

and making simple things 

complicated.

Mathematics is about 

removing obstacles to our 

intuition, and keeping simple 

things simple.”



5/4 ÷¾



Visualize vs. Compute

A) ⅗ of something

B) 5/3 of something

C) 5/3 of ⅗

D) ⅔ of ⅗

E) 5/4 ÷¾

(Thompson, 1995)



(a + b + c + d) • (x + y + z)



Spatialize Algorithms





Geometry: Transform vs. Logic

The area of a 

parallelogram is 

the same as the 

area of a rectangle 

with the same 

length and height.



Geometry: Transform vs. Logic

The area of a 

parallelogram is 

the same as the 

area of a rectangle 

with the same 

length and height.



Action Shapes Cognition

Transduction



Prior Work

Insight / Ascertaining

Nathan, Walkington, Boncoddo, Pier, Williams & Alibali (2016)



Hypothesized Models

• Logistic Regression Models

• Random Effects: ID and 

Conjecture

• Fixed Effects: 

– Expertise (recruited)

– Spatial-temporal reasoning 

– Verbal fluency

– Ethnicity

– Gender, Age, ELL status

– Geometry knowledge

INTUITION
DYNAMIC

GESTURE

INSIGHT
DYNAMIC

GESTURE

PROOF

DYNAMIC

GESTURE

OPERATIVE
SPEECH



Mediating Variables

• Dynamic gesture: 

Motion-based 

transformation of a 

mathematical object 

through multiple states

The segment that joins the 

midpoints of two sides of 

any triangle is parallel to the 

third side



Videos

Switch response after 

dynamic gestures

• P002 Midsegment

Comprehension error

• P011 Conj1 Midsegment

Borderline Compreh

• P111 Conj6 Base Angles

Dynamic gesture (expert)

• P108 Circumscribe

“False”

• P120 Circumscribe

Dynamic gesture “False”

• P138 Midsegment

https://smu.box.com/s/vm1dmtrsil3xhsxx636gsq5b6sdv2jfa
https://uwmadison.box.com/s/6onf7mmwy49veipmng7yf8q6rhn5e8j8
https://uwmadison.box.com/s/5bxqp6jx0achq3mm91a6i9widrcgf28p
https://smu.box.com/s/shhszocc479izbiskkwhx31kix5v11z0
https://smu.box.com/s/x7dm53qb2ibgdt4iqr41sepusf6anzy1
https://smu.box.com/s/jr57mysvjnbjfimn2n9f8r4d4unk9ws6


Proof Model: w/o Gesture

PROOF

Random ƒx

Fixed ƒx

Expertise: d = 1.25

Spatial: d = 1.94

Gender

Ethnicity 

ELL status

Verbal fluency

Geometry knowledge

Student ID

Conjecture



Proof Model: w/ Gesture

PROOF
DYNAMIC

GESTURE

Random ƒx

Fixed ƒx

Expertise: dG = 1.26

Spatial: d = 1.94

dG = 1.11



Proof Model: w/ Gesture & Speech

PROOF

DYNAMIC

GESTURE
Random ƒx

Fixed ƒx

Expertise: dG+OS = 1.17

Male: dG+OS = 0.60

dG = 1.03

OPERATIVE

SPEECH

d1 =  1.50

d2 = 1.62

d3 = -1.27

1. Intentional Connectives

2. Verb Use

3. Reduced 1st POV

d1 d2 d3

Coh-Metrix 3.0



Insight Model: w/o & with Gesture

INSIGHT
DYNAMIC

GESTURE

Random ƒx

Fixed ƒx

Expertise: d = 1.07

dG = 1.00

dG = 0.45

Evidence for the “gist” of the proof

Interaction

Marginal: Dyn. Gesture

only helps experts



Intuition Model: w/o & with Gesture

INTUITION
DYNAMIC

GESTURE

Random ƒx

Fixed ƒx

Expertise: d = 0.62

dG = 0.57

dG = 0.32

“Snap judgment” response of the truth

Interaction

Experts w ESL benefit

most from gestures



Study 1: Discussion

Spatial reasoning & 

Dynamic gestures 

predict intuition, insight 

& informal proofs

Above & beyond 

expertise and speech

Dynamic gesture 

‘replaces’ spatial reason



Can we Design Interventions?

INTUITION
DYNAMIC

GESTURE

INSIGHT
DYNAMIC

GESTURE

PROOF

DYNAMIC

GESTURE

OPERATIVE
SPEECH

Directed
Action

Directed 

Action

Directed 

Action

Pedagogical 

Language



Meta Design: 

Near Decomposability





Pilot Study: Video Game

• N = 35 6th-11th grade

• Plays 6 conjectures 

– directed actions 

(random) relevant or 

irrelevant

• After, pedagogical hints 

linking relevant directed 

actions to conjectures 

• Second attempt















Logic Model

Directed 

Action

Motor 

system 

activation

Insight

Pedagogical 

Language

Language 

system 

activation

Dynamic 

gestures Proof-with-

insight 

Speech 

processing Proof 
(without 

insight)

Spatio-temporal 

processing

Operational

speech

AND



Implications

• Theory based embodied 
design
– Grounding role of action 

and language

– Dynamic gestures mediate 
intuition & proof

• People really do more 
math than they may think
– Channel intuitions via 

perceptual motor 
processes

Opportunities thru new 
video game experiences
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